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Assessment of the dependence of (δS/δV ) on the heat influx for
a well-stirred two-phase system with interfacial boiling
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For a well-stirred multiphase fluid systems the mean interface area per unit vol-
ume, (δS/δV ), is a significant characteristic of the system state. In particular, it is
important for the dynamics of systems of immiscible liquids experiencing interfacial
boiling. We estimate the value of parameter (δS/δV ) as a function of heat influx
Q˙V to the system.
I. INTRODUCTION
For a well-stirred multiphase fluid systems the mean interface area per unit volume,
(δS/δV ), is an important characteristic of the state. It becomes even more significant for
the systems where this interface is active chemically or in some other way. The systems
of immiscible liquids experiencing interfacial boiling [1–14] are an example of the systems
where parameter (δS/δV ) becomes especially important. The problem of calculation
of (δS/δV ) cannot be addressed rigourously and any direct numerical simulation, being
extremely challenging and CPU-time consuming, will provide results pertaining to a quite
specific system set-ups. Some generale assessments on (δS/δV ) can be highly beneficial.
In this paper we perform these assessments for the process of direct contact boiling in a
system of two immiscible liquids.
At the direct contact interface, a vapour layer grows and produces bubbles which break-
away of the interface and rise. The presence of vapour bubbles change the fluid buoyancy
and perform a “stirring” of the system. This stirring enforces increase of the contact
area S, while surface tension and gravitational segregation of two liquids counteract the
increase of the contact area.
For a two-liquid system experiencing direct contact boiling, the quantity of our interest
depends on parameters of liquids and characteristics of the evaporation process, which
are controlled by the mean overheating and the bubble production rate [9]. In this work
the volumes of both components are assumed to be commensurable, no phase can be
considered as a medium hosting dilute inclusions of the other phase. The characteristic
width of the neighborhood of the vapour layer, beyond which the neighborhood of another
vapour layer lies, is
H1 +H2 ∼
(
δS
δV
)
−1
.
The relationship between H1 and H2 is
H1
H2
=
φ1
φ2
=
φ1
1− φ1
,
where φj is the volumetric fraction of the j-th liquid in the system. It will be convenient
to use
Hj ∼ φj
(
δS
δV
)
−1
.
2The process of boiling of a mixture above the bulk boiling temperature of the more
volatile liquid is well-addressed in the literature [3–9]. Hydrodynamic aspects of the pro-
cess of boiling below the bulk boiling temperature [13, 14] has to be essentially similar at
the macroscopic level; rising vapour bubbles drive the stirring of system, working against
the gravitational stratification into two layers with a flat horizontal interface, the surface
tension forces tending to minimize the interface area, and viscous dissipation of the flow
kinetic energy. Specifically, the behaviour of parameter (δS/δV ) depending on macro-
scopic characteristics of processes in the system should be the same as for systems with
superheating of the more volatile component. In what follows, we perform an analytical
assessment of the dependence of (δS/δV ) on the evaporation rate (or heat influx) for a
well-stirred system.
II. ENERGY FLUX BALANCE IN A WELL-STIRRED SYSTEM
Let us attempt to derive the rough relationships between the macroscopic parameter
(δS/δV ) of the system state and the heat influx rate per unit volume Q˙V = δQ/(δV δt)
for a statistically stationary process of interfacial boiling.
The flow and consequent stirring in the system are enforced by the buoyancy of the
vapour bubbles, while other mechanisms counteract the stirring of the system. These
other mechanisms are gravitational stratification of two liquids, surface tension tending
to minimise the interface area and viscous dissipation of the flow energy. Since the
latent heat of phase transitions and heat of temperature inhomogeneities are enormously
large compared to the realistic values of the kinetic energy of microscopic motion and
gravitational potential energy [15], the latter can be neglected in consideration of the
heat balance. Hence, all the heat inflow into the system can be considered to be spent
for the vapour generation; Q˙V V −→ (Λ1n(0)1 + Λ2n(0)2 )V˙v, where V is the system volume,
V˙v is the volume of the vapour produced in the system per unit time, Λj is the enthalpy
of vaporization per one molecule of liquid j, and n
(0)
j is the saturated vapour pressure of
liquid j. Thus,
V˙v =
Q˙V V
Λ1n
(0)
1 + Λ2n
(0)
2
. (1)
The potential energy of buoyancy of rising vapour bubbles ρlVvgh/2 (where h is the
linear size of the system, h ∼ V 1/3, ρl is the average density of liquids, the vapour density
is zero compared to the liquid density) is converted into the kinetic energy of liquid flow,
the potential energy of a stirred state of the two-liquid system, the surface tension energy
and dissipated by viscosity forces. In a statistically stationary state, the mechanical
kinetic and potential energies do not change averagely over time and all the energy influx
is to be dissipated by viscosity;
ρlVvgh/2 −→ W˙l,kτ ,
where W˙l,k is the rate of viscous dissipation of energy, τ is the time of generation of the
vapour volume Vv, Vv = V˙vτ . Hence,
ρlV˙vg
h
2
∼ W˙l,k . (2)
3Let us estimate the viscous dissipation of the kinetic energy of flow Wl,k;
W˙l,k =
∫
V
~v · ~fvisdV ∼
∫
V
~v ·
(
−ηl
~v
H2
)
dV
∼− ηl
ρl
2(
H1+H2
2
)2
∫
V
ρlv
2
2
dV ∼ −8νl
(
δS
δV
)2
Wl,k . (3)
Here ~v is the liquid velocity, ~fvis is the viscous force per unit volume, H is the spatial scale
of flow inhomogeneity, which is the half-distance between the sheets of the folded inter-
face between liquid components, ηl and νl are the characteristic dynamic and kinematic
viscosities of liquids, respectively.
Further, we have to establish the relationship between the flow kinetic energy and the
mechanical potential energy in the system. Rising vapour bubbles pump the mechanical
energy into the system, while its stochastic dynamics is governed by interplay of its
flow momentum and the forces of the gravity and the surface tension on the interface.
In thermodynamic equilibrium, the total energy is strictly equally distributed between
potential and kinetic energies related to quadratic terms in Hamiltonian (this statement
is frequently simplified to a less accurate statement, that energy is equally distributed
between kinetic and potential energies associated with each degree of freedom). Being
not exactly in the case where one can rigorously speak of thermalization of the stochastic
Hamiltonian system dynamics, we still may assess the kinetic energy of flow to be of the
same order of magnitude as the mechanical potential energy of the system. Thus,
Wl,k ∼Wl,pg +Wl,pσ , (4)
where Wl,pg and Wl,pσ are the gravitational potential energy and the surface tension
energy, respectively. We set the zero levels of these potential energies at the stratified
state of the system with a flat horizontal interface.
The gravitational potential energy of the well-stirred state with uniform distribution
of two phases over hight is
Wl,pg ∼ ∆ρlV g
h
2
,
where ∆ρl is the component density difference. The surface tension energy is
Wl,pσ ∼ (σ1 + σ2)V
(
δS
δV
)
,
where we neglected the interface area of the stratified state compared to the area
V (δS/δV ) in the well-stirred state. Due to the presence of the vapour layer between
liquids the effective surface tension coefficient of the interface is (σ1 + σ2) but not σ12 as
it would be in the absence of the vapour layer.
III. THE VALUE OF (δS/δV ) YIELDING BALANCE OF ENERGY FLUXES
Collecting Eqs. (1)–(4), one finds
ρl
Q˙V V
Λ1n
(0)
1∗ + Λ2n
(0)
2∗
g
h
2
≈ 8νl
(
δS
δV
)2 [
∆ρlV g
h
2
+ (σ1 + σ2)V
(
δS
δV
)]
.
4This equation can be simplified to
Q˙V ≈ B
(
δS
δV
)2 [
1 +
2
k212h
(
δS
δV
)]
, (5)
where B = 8νl(Λ1n
(0)
1 +Λ2n
(0)
2 )∆ρl/ρl and k12 =
√
(ρ2 − ρ1)g/(σ1 + σ2). Noteworthy, the
relative importance of the first and second terms in the brackets in Eq. (5) depends on
the system size h.
For the n-heptane–water system, B ≈ 1.5 J/(m · s) and lk12 ≡ 1/k12 ≈ 0.5 cm [14]. For
a well-stirred system the distance between sheets of the folded interface (δS/δV )−1 ≪ h.
The average compound of these two values can be either small or large compared to lk12 ;
(1) h · (δS/δV )−1 ≪ l2k12 corresponds to the case of the surface tension dominated system,
(2) h · (δS/δV )−1 ≫ l2k12 corresponds to the case of a gravity-driven system.
Cubic equation (5) possesses only one positive solution which is real-valued for any
value of Q˙V /B;
(
δS
δV
)
=
(
δS
δV
)
g
·G
((
Q˙V /B
)1/2
k212V
1/3
)
, (6)
where (δS/δV )g = (Q˙V /B)
1/2 is the value of parameter (δS/δV ) for a gravity-driven
system and function G(s) = (6s)−1(R+R−1 − 1), R = (
√
27s+
√
27s2 − 1)2/3; G(0) = 1
and G(s≫ 1) = (2s)−1/3.
IV. CONCLUSION
Basing on the energy flux balance in the system and assumption of the system stochas-
tization, we have assessed the value of (δS/δV ). Expression (6) allows estimating the value
of parameter (δS/δV ) as a function of heat influx Q˙V to the system.
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